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Hermitianstructureson Hermitiansymmetricspaces
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We showthatan innersymmetricspacewith acompatibleHermitianstructureis necessarily
Hermitiansymmetric,andtheHermitianstructuremustbeinvariant.This last resultwasknown
for someof thespacesof classicaltypeandwasconjecturedto betrue for all compactHermi-
tian symmetricspacesin anearlierpublicationby thefirst andthelast author.
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Introduction

In thisnoteweshowthatacompactinnerRiemanniansymmetricspaceadmits
acomplexstructurecompatiblewith the invariantmetric preciselywhenthespace
is Hermitian symmetricand,further, that in this casethecomplexstructureis
invariant.This last resultwas conjecturedto be true in ref. [2] andprovedfor
mostof the classicalHermitiansymmetricspaceswith acaseby caseargument
in unpublishedwork of D. Burnsandthefirst author.

As an applicationof theseresults,weshowthat the only stableharmonicim-
mersionsof a compactinnerRiemanniansymmetricspaceinto an irreducible
compactHermitiansymmetricspaceareholomorphicmapsof Hermitiansym-
metricspaces.
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1.Themain results

Let M be a 2n-dimensionalmanifold. We wish to studyHermitian (almost)
complex structureson M, which we view as sections of the fibre bundle
m:J(M)—~Mwithfibre

J~(M)={jEEnd(T~M):12= — l,jis skew-symmetric}

Thisbundleisassociatedto theorthonormalframebundleof M with typicalfibre
0(n)/U (n), which is a Hermitiansymmetricspace.Thus the verticaldistribu-
tion 1”=ker ir,~,inherits an almost complexstructureJ ~. Moreover, the Levi-
CivitaconnectionVon M inducesa splitting

TJ(M)=~~~°

with ,J~l° — ‘TM via it,~,sothat ~ acquiresa tautologicalcomplexstructureJ”
givenby

Adding thesegivesanalmostcomplexstructureon J(M) conventionallydenoted
by J,.

In ref. [6], Salamonshowsthatintegrabilityof an almostHermitianstructure
J is equivalentto the holomorphicityin a certain senseof J viewedas amap
M—J(M).Forthiswefirst identify analmostHermitianstructureJwithits bun-
dle Tj TMCof (1, 0)-vectors.Then,specializingtheorem5.4of ref. [5] gives

Proposition 1.1. Let Jbe an almostHermitian structureon M. Then J is holo-
morphicasa map(M, J)—~(J(M), J,) if andonlyif

V~C°°(Tfl=C°°(Tfl, (1)

for all ZcC°°(Tfl.

However, by lemma1.2 andproposition 1.3 of ref. [6], J satisfiescondition
(1) if andonly if it is integrable.

In factwe cansaymore.In ref. [4], the NijenhuistensorN~’of J, wascalcu-
latedand,in particular,wehave

Proposition1.2 [4]. LetjeJ(M) with (1,0)-spaceT~ T~)M’.Let R denote
theRiemanncurvaturetensorofV. Thenthe NijenhuistensorN~’vanishesatj if
andonlyif

R(T~,T~)T~~ T~.
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In view of (1), we seethatthis conditionis certainlysatisfiedfor integrableJ
andwe maysummarizeourdevelopmentin

Theorem1.3. If J is an almostHermitian structureon theRiemannianmanifold
(M, g) thenJ is integrableif andonly if it is holomorphicasa map (M, J)—~
(J(M), J1).In this casetheimageofJlies entirelyin thezero-setofNi’.

In the casewhenMis aninnersymmetricspace,thestructureof the zero-setof
N~1wasdeterminedin ref. [2]. Themain resultsof thatanalysisare:

Theorem1.4 [2]. Let M be an inner Riemanniansymmetricspaceofcompact
typeandZ~ J(M) thezero-setofN~’.Then

(i) eachcomponentofZ is aflag manifoldholomorphicallyembeddedin J(M);
(ii) ifM= M, ~ xMk isthedeRhamdecompositionofM thenZ= Z, x x Zk,

whereZ~is thezero-setofN’~on J(M,).

Fromthe firstpartofthistheoremwe immediatelyget:

Proposition15. Let M bean innerRiemanniansymmetricspaceofcompacttype
andJa complexstructureon M compatiblewith the invariant metric. ThenJ is
Kählerian.

Proof By theorem1.3,J is a holomorphicembeddingof M into Z andthus,by
theorem1.4, a holomorphicembeddinginto aflag manifold.But flag manifolds
admit Kählermetrics sowe concludethatM hasametric whichis Kählerwith
respectto J.

As aconsequence,wehave:

Theorem1.6. Let M be a compactinner symmetricspaceandJ be a complex
structureon M compatiblewith theinvariant metric, thenM is Hermitian sym-
metric.

Proof In view of theorem1.4(ii), we havethatJ respectsthe deRhamdecom-
position of Mso that,without lossof generality,wemayassumethatM is irre-
ducible.Fromproposition1.5,weknowthatMadmitsaKählermetricand,since
Mis compact,the correspondingKählerform is not exactsothattherealcohom-
ology groupH

2(M; P) is non-zero.But for anirreduciblesymmetricspace,this
canonly happenifMis Hermitiansymmetric. E

In particular,takingM= S6,werecoverthe resultofLeBrun [31thatS6admits
no complexstructurecompatiblewith theroundmetric.
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Let usnowconsiderHermitianstructureson Hermitiansymmetricspaces.In
unpublishedwork, D. Burnshasshownthat theonly Hermitianstructureon CP”
for the Fubini—Studymetric is the invariantone.We now extendthisresultto all
Hermitiansymmetricspacesof compacttype.

Theorem1.7. Let M bea compactsemisimpleHermitian symmetricspaceandJ
a Hermitianstructurefor theinvariant metric. ThenJ isinvariant.

Proof We havealreadyseenthatJmustrespectthe de Rhamdecomposition,so
wecanassumethatMis irreducible.Let Kbeaninvariantcomplexstructureand
gthe invariantmetric.We know from theorem5.6 of ref. [2] thatJandK com-
mute as endomorphismsof TM. Let h be the Kählermetric for J weget from
proposition1.5. Thepairs (g,K) and(h, J) determineKählertwo-forms

Q(X, Y)=g(KX, Y), w(X, Y)=h(JX, Y).

Both areclosedformsandrepresentnon-zeroelementsin the de Rham cohom-
ology H2(M; l~). The secondcohomologygroup of a compactirreducibleHer-
mitian symmetricspaceis onedimensional,so thereis a non-zeroreal numberc
with

[w]=c[Q].

Thusthereis areal one-formawith

w=cQ+da.

Sinceg is Hermitianwith respectto J, thenQ, like w, is type (1, 1) with respect
to J, andhencesois da. SinceM is simplyconnectedandJ is Kähler, thereis
thena real-valuedfunctionfonMwith da=iäM (where8 is takenwith respect
to J).

SinceM is compact,the smoothfunctionfwill haveamaximumatsomepoint
x
0 of M. At themaximumx0 the (1, 1)-form ia~f~0will benon-positive,so

a),0(X,JX)~<cQ,~0(X,JX), VXaT,0M.

Translatingin termsof themetricswehave

h~0(X, X) ~ cg~0(KX, JX) . (2)

On the otherhand, sinceJ andK commutetheir productA is a symmetric
endomorphism(with respectto g) with squarethe identity. ThusA hasonly
eigenvalues±1 andso TMsplits into two smoothsubbundlesT + whereJ= K,
andT - whereJ= — K Supposebothsubbundlesarenon-trivial; thenatx0 there
is anon-zerovectorX~with JX~=KX~andanon-zerovectorX with JX
= —KX. Substitutinginto (2) we obtain

c~h~0(X~,X~)/g~0(X~,X~)>0
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and

c~—h~0(X,X )/g~0(X,X ) <0,

which is a contradiction.Thus oneof the two bundlesT ~ T - mustvanishand
henceJ=±K.

Remark. In someclassicalcases,evenstrongerresultsareavailable.In unpub-
lishedwork, D. BurnsandF.E. Burstallhaveshownthat,if M is acomplexGrass-
mannianGk(C~~z),n, k> 1, or the Hermitian symmetricspaceSp(n)/U(n),
thenZ doesnot evenadmit continuoussections.

2. Applicationto stabilityof harmonicmaps

In ref. [1], thestability of harmonicmapsinto compactHermitiansymmetric
spaceswasstudiedand,in particular,the following resultwasproved:

Theorem21. Let Ø:M—+N be a stable harmonic immersionfrom a compact
Riemannianmanifoldtoa compactirreducibleHermitiansymmetricspace.Then
Madmitsa Hermitiancomplexstructurewith respectto which 0 isholomorphic.

If wetakeM to bean inner symmetricspaceof compacttypeandapplytheo-
rems 1.6and1.7, thisgives:

Theorem2.2. If Ø:M—~Nis a stable harmonic immersion from an inner
Riemanniansymmetricspaceofcompacttypeto a compactirreducibleHermitian
symmetricspace,thenM is Hermitiansymmetricand0 is holomorphic.

Thefirst authorwould like to thankD. Burnsfor manystimulatinganduseful
conversationson thesetopics.
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